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ABSTRACT

Jordan canonical forms are used extensively in the literature on
control systems. However, very few methods are available to compute
them numerically. Most numerical methods compute a set of basis vectors
in terms of which the given matrix is diagonalized when such a change
of basis is possible. Here, a simple and efficient method is suggested
for computing the Jordan canonical form and the corresponding trans-
formation matrix. The method is based on the definitien of a generalized

eigenvector, and a natural extension of Gauss elimination techniques.

This work has been sponscred in part by the National Aeronautics and Space

Administration Research Grant NGL-07-002-002.
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INTRODUCTION

It is well~known that any matrix may be brought inté the Jordan canenical
form by a similarity transformation [1]. There are several methods available
to compute the eigenvectors of a matrix when the eigenvalues are distinct
[2-3]. Some of these could be used to compute the eigenvectors for matrices
with multiple roots. In Varah's method [4] multiple eigenvalues are handled
by perturbing the multiple eigenvalue to produce distinct eigenvalues. Eberlin
and Boothroyd [5] also compute eigenvectors for multiple eigenvalues. However,
none of these methods generate the basis vectors necessary to transform the
given matrix into it's Jordan canonical form. Chen [6] has suggested a
Procedure for computing the Jordan canenical form. Here, a simple and
efficient algorithm, based on the notion of a generalized eigenvector, and
using Gauss elimination techniques is given to compute the Jordan form of

an nxn matrix.

BACKGROUND

Given the nxn matrix A; we want to find the matrix T such that T—lAT

is a Jordan matrix J. Let (A - Am) be the eigenvalues of A with multi-

12220 -
plicity (nl, Ny, ===, nm) respectively. The number of eigenvectors

associated with the eigenvalue Ai is given by a; = n-Rank (A—AiI). The

Jerdan matrix, J, has the form

J = dag [J1y, Ji9s s Jlal s 9210 a9 T J2a2 s T
: Jml’ szs =T Jmam] (1)
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i
with Jik = Ai <>
* i=1,2,-—,m
1 (2)
O A k=1, 2, ==, 0
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Let Bik be the dimension of the block Jik and define
iil ;2 ]ic
Oy = B,. *+ By.o with o, = 0 (3)
e = = = 10
Let the generalized eigenvectors and the eigenvector corresponding to Jik
be t , t s eeesy E _, and t respectively. The
- 051y 2 ia-n Pt i

transformation matrix T is made up of the n columns (Ei’ 22, —-—=t s

| SN

~0qq 12° +eo L soeees B s eee, B

1

transformation satisfies the relaticn
AT = TJ
i.e. A[j_:_l, tos ""En]: [31’ tys ...,gn]J

Then, the eigenvectors of Ar satisfy the relation

.y O

(A—ArI)EQ - 9— L= p o

o o .o
rl’ "r2’

_ol(a1—1)+l la me

11

The similarity

(4)

(5)

Given an eigenvector of Ar the corresponding generalized eigenvecters satisfy

the recursive relatioenship

(A-2_ D) ¢t =t 2= O O .=ly seey O
T -

1 =2 rk’ “rk gL

rk

+1

(6)



-3

The solution of equations (5) and (6) yields the transformation matrix T.

COMPUTATION OF THE EIGENVECTORS:

Let A= (A - ArI). We can choose non-singular matrices Pr and Qr such
that PrAQ = Ur’ where, Ur has the form
Uin  Ap
U = e = o o -
r
0 | } o_ rows
- r

Here U11 is an (n—ar)x(n—ar) upper triangular matrix with |U11| # 0 and

A12 is an (n—ar)xar matrix. Given (A—ArI), Pr’ Qr and Ur can be obtained
by Gauss elimination with full pivoting [7]. The ol eigenvectors corresponding

to the eigenvalue Ar are obtained by sclving the equation

Urg& =0 , @
using a back substitution scheme employing ol independent selections of
the last oL components of L. Full pivoting guarantees that this will result
in o linearly independent solutions which become the o independent eigen-

vectors corresponding to Ar. Substitution of these eigenvectors in equation

(6) yields the set of generalized eigenvectors.

Algorithm:

1. Find the eigenvalues of A. Label them Al’ Az, oy Am.

2. Solve the equation U t

. = 0 for all eigenvectors corresponding to Ar

using independent selection of undetermined constants. The solution invelves
undefined variables Vs LATEET N Generate an independent set of eigenvectors
for Ar by setting each undefined variable in turn equal to 1 while holding
all other variatles equal to 0. Denote the eigenvectors by Eorl, £0r2, ceey

“EG *
ra
r
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3. i = cee solve
For each eigenvector ;ori, i=1 2, 5 O form PrQr_t;Ori and

Urgﬂ ~1 = PrQr Eﬂ .
ri ri

for generalized eigenvector corresponding to eigenvecter Eo with the

ri
undetermined constants taking values given to them while evaluating . -
ri
40 =
Repeat step 3 by forming PrQr£0r1~l and solve UrE°r1'2 PrQrEOri-l.

5. Continue to generate generalized eigenvectors as in step 4 until the
equation UrEﬂriTjafPrQrEOri_j becomes inconsistent i.e. when a non-zero
quantity appears on the right hand side corresponding teo zere rows of Ur'
This gives the basis vectors corresponding to the eigenvalue Ar.

6. Repeat step 2 thru 5 for r =1, 2, ..., m. to obtain all the basis
vectors and hence the matrix T.

1AT. Note that J need not

7. Obtain the Jordan canonical form from J = T
be calculated directly since the block structure of (1) is determined by the

number of generalized eigenvectors that are generated for each eigenvector.

Computational Discussion: The computation of the eigenvectors and the

generalized eigenvectors depend on the accuracy with which the eigenvalues
of A are computed. Francis' [8] algorithm is suggested for cemputing the
eigenvalues. When the eigenvalues are approximate the caiculation of the
eigenvector can be refined as suggested by Wilkinson [9].

The algorithm suggested in this paper results in a large reduction in
the amount of computation necessary to obtain the Jordan canonical ferm.
The number of computations necessary for an nth order system with m distinct

eigenvalues is shown in Table 1.



TABLE 1

STEP NUMBER OF COMPUTATIONS
n-1 n
P, (A-2,1)Q I 2+ ] 1 =2@w
i=1 i=1
Tetal elimination m(n3—n)/3
for m eigenvalues
n-1 nz—n
Back substitution < z i-= 3
i=1
Total for n < n3—n2
back substituticn - 2
To construct a n nz—n
right hand side Z i = 5
i=1
(P,Q,x)
2 3~n2
Total R.H.S. n(n“-n)/2 = n 5
nn m 3 2 mtl 3
Total = -3 + n —0(3 n”)
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A similar analysis of Chen's algorithm [6] shows that the number of
computations are of the order 0(§n4). Thus the algorithm suggested here
results in at least a fivefold saving in the number of computations. The
method does not require the evaluation of the rank of matrices of powers

of (A—ArI) as in Chen's method.

Examples:

The algorithm is applied to find the eigenvecters and the Jordan
canenical form of two different matrices.
A. TFourth order matrix:

6 -3 4 1

This matrix is taken from Eberlin and Boéthroyd [5]. The eigenvalues
of the matrix are 5.23606797749979 (double root) and 0.763932022500210
(double root).
The eigenvector and the generalized eigenvector associated with the double

root 5.23606797749979 gre

| 0.4270509831 0.5868810394

1.0000000000 1.0000000000

0.3819660113 and 0.4721359550 respectively.
| 1.1458980340 | 1.0901659410




—7_

For the deuble root 0.763932022500210 the corresponding vectors are given

by
'-0.3726775962 ] [ 0.2197175016 |
0.1273220038 0.4182146652
and
0.3333333333 ~0.3171224407
1.00000C0000 | | 1.0000000000

Notice that the two eigenvectors and the two generalized eigenvectors are
all independent unlike in [5]. The Jordan canonical form can be readily

written as

[ 5.2360 1

e 5.2360

0.7639 1
Q

0 0.7639 |

The execution time was 1.57 secs with a WATFIV (Univ. of Waterloo - Fast
Fortran) compiler.
B. System matrix of Boeing Helicopter

The following 8x8 matrix arises in the design of a helicopter

stabilization system using Pole-placement theory [10].



.021 .025 -259.64 .6968 .1879 0 -.0941 0
-.0903 -.802 -80.98 -1.878 .5524 e =8.517 0
0 0 0 1 0 0 0 0
-.0058  .0145 1.4672 -1.460 .45 0 .068 0
0 0 0 0 0 1 0 0
2 0 0 6 -784 -35 0 0
0 c 0 0 0 0 0 1

0 0 O 0 e 0 ~-784 ~35’

The eigenvalues of the system computed by using Francis' method are
0.50432908, -2.3585084, -0.1935C035 + j 0.35283477 and -17.5 + j 21.857493

(double root). The eigenvectors corresponding to the distinct roots are

respectively.

it.

-0.0079265851
0.60000060G60
0.£000000000

©.060000000090

These are

- 0.000000000C

~0.0472520599
0.600C000000
0.00000000600

0.80006200000

| 0.0000000C00

0.002£85€6551
0.0C000CC000
€.0000000000

0.000CGCC0000

. 0.600C000000

+1i

[ 1.0000000000 | | 0.2528902161 | |-0.0949005676 F § 0.6460398691
£.5167473189 1.060000G000 1.0000006000 + j G.00C0000000
-0.0157197678 0.020C347219 | |-0.0074706563 + j 0.0035914411

j 0.0015501968
j 0.0000000000
j 0.00000C0000
i 0.0960000000

j ©.000000C0C0

Each of the double roots has two eigenvectors associated with




~0.0000183498 + j 0.0002379966] ' 0.0000224177 F § 0.0001119734
-0.0001564383 + j 0.0007421192 0.0026667158 + j 0.0107258554
0.0000153897 + j 0.0000084539 0.0000031152 ¥ j 0.0000011743
-0.0001545381 + j 0.0005715717 -0.0090288496 + j 0.0000886422
~0.0223214285 ¥ j 0.0278794553 and | ©-0000000000 + j 0.0000000000
1.0000000060 + j 0.C000000000 ©.00000000C06 + j ©.06000000000
0.0060090000 + § 0.6000006000 -0.0223214285 ¥ j 0.0278794553

- 0.000000060C + j 0.000CO00C00 | 1.0000000000 + § 0.0000000000

Since the multiple eigenvalues have as many eigenvectors as their multiplicity

the Jordan canonical form for this matrix is diagonal and is given by

diag [.50432908, -2.3585084 ~-0.19350035 + j 0.35283477,
-0.19350035 - j 0.35283477  -17.5 + j 21.857493, -17.5 + j 21.857493
-17.5 - j 21.857493, -17.5 - j 21.857493]

The execution time using a WATFIV compiler was 8.69 secs.

Flowchart and Computer Program:

These are given in Appendix A and Appendix B, respectively.

Conclusion:

A methbd has been outlined to find the basis vectors to transform
a given nxn matrix to its Jordan canonical form. The method is simple
and efficient. It does not require the evaluation of the rank of matrices of
powers of (A—AiI) as in Chen's method [6]. There is at least a fivefold
reduction in the number of computations. Two examples are given to

illustrate the method.
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APPENDIX A

"\
{  canon j
Read NxN Matrix
A and NE

distinct eigenvalues'
’ ki

L=1

Ny

i Form (A-AQI)

¥

CALL UMAKER

o
i
Test UM for
Rank and # of
eigenvectors

¢

Call EIGVEC

Y

Print eigenvector

and //

generalized
eigenvectors ; |

Main Program

/* Lu Decomposition
of (AfAZI)

/* Eigenvectors & generalizec
eigenvectors corresponding
to AL %/



A-2

e 4 e S A e

",

; \
\_ EIGVEC /

r

/* Preset

undetermined

constants for iith eigenvector

¥4=0, i#j */

Yo
Back Substitute E
to find eigenvector |

YES

< RICOLN 2 vy 100 Many ~»< stop )
-\\\““f/// ] eigenvectors / .

| NO
W
|
Fill in NTCOL of %
Modal matrix and !
form the new R.H.S. i
i

H
¥
:

?

Operaté on R, g
by row operations ;
MR

§
}
t
}

.
! NTCOL=NTCOL+1 ;

e

~
no__ IRy |>e

R N
\\éii:iffgz// /* check for consistency */
T YES
Y

_ YES [/ >
1I=NEIC 1 sTOP ‘

Ne——

II=II+1




A=3

A
{ UMAKER )

Y -
=1x10 %
» TRANK=N
L 1s=1

5

"Search fo?
pivot a,

{ ‘\\\11////

TRANK=LS~1
iYES

UW-PME

Interchange row and

. >
<:::£Ei::> column indices
t
N

YES

e —LS>0 o

! Eliminate LS Column
=0 and set up LS row of UM

e

i
i

I
IADUM=|PME(IR(N),IC(N))|

\‘/

<§§§%>e YES

A

%No I
TRANK=N-1 ;
i %
| i UM=PME
’ NO
< 1S=N ///,_,yw_« LS=LS+1
YES
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-APPENDIX B

MAIH PRIGRAM:

1 IMOLICIT PEAL *3(A-+,0-Y) ) .
2. .. .. CCMMON AMQDMQVDMI,UNR'UVI’TMRQT”IQPEIGEQPEIGI'PqER.PME‘lvp'YJV_,_J
1EPSA,EPR, IRy IC, TEIG,NTCOL yLLIME NI NEIG,IRANK,IOPT
3 DIMENMSICN Av(lZ.lZ).PNR(12.12).°MI(12'12)'U9;1lZ'IZ)o
WWIUM!(12.12,9T“a(12112,QTMI(lszZ)'PE[GR(IZ)yPEIGI(lZ),PMER(lZ,lZ),
ZPMEI(lZ'lZ)'VR(IZ)vYI(lZ)oIR(lZ)vIC(12)91516(lﬁvlﬁ)

_ THIS FOUTINE IS DESIGHED TO FIND ALL THE EIGENVECTORS ANC .
GENERALTZED EIGENVECTORS OF At NN REAL MATRIX GIVEN THE SET
OF DISTINCGT EIGENVALUES. THE PRINTCUT INDICATES THE
LPPRNPRIATE JOPDAN_ CAMONICAL FCRM . . o eiooe

a0

|
i

VARTABLES

TALL VARIABLES FO0M A TA H ARE DOUBLE PFECISION
ALL VARIASLES F20M 3 TO Y ARE COMPLEX EITH REAL PART
ENDING If R AND IMAGIMARY PART ENDING IN I

1
t

AM NOIGINAL MATRIX

PEIG,R*T  EIGENVALUES i
PM, R+l (A-LAMARDAS]) MATRIX _

UM 4P 41 DECNMPOSED MATRIX, U ABCVE DIAGONAL, M BELOW

- TM,R 41 MATRIX_OF GENERALIZED EIGENVECTORS-~MODAL MATRIX

N DIMENSION CF AM

NE. _ NUMBER OF EIGENVALUES . .. ... ..
1 CCLUYN INTERCHANGE IMDEX VECTOR
1P FOW IMTERCHAKGE INDEX VECTCR

et 0PTINN(=1) FOR_INTRMEDIATE PRINTOUTS L
1END OPTICN(=1) FOR ADUITIONAL PRCBLEM TO FOLLOW

nnnpnoﬁnnbnnbnnhnahnohnn

4000 FORMAT(IHLY

4
5 4001 FOEMAT(8I10) : ,
6 4002 FOPMAT (40200100 o o
7 4003 FIC4AT(///1/)
8 4004 FNSMAT(//)
9 4005 FCEYAT (2030.15) - , L
‘10 2010 FOPMAT(//,5Xs *MATRIX DINENSION = *,13,
1¢ MUMBEF OF DISTINCT ETGENYALUES = '13,/)
11 4011 FOCHMAT(SX, 'L MATRIX'y/) B
12 4012 FREATISX,'OISTINCT EIGEMVALUES? o// 25X 9HF EAL PART 19X,
L14F IMAG INA2Y PART,/) .
13 4013 FIEMATISX,'0CH INTERTHANGE IMOEX®y/) o
14 4014 FOSYAT(SX, 'LOLUMI THTERCHANGE INDEX',/) T
15 4015 FOFMAT (5X, ' CECNMPISED MATPIX 'y /) .
16 4016 FASUAT(5X, 'NUMBEE IF EIGENVECTGRS CCFRESPONCING TO EIG 'y 12y
U 1S 1,134/
17 4017 FORMAT(5X,'BLECK NINRER *,12,' FAS 412y

] 1' GE'ERALTZED EIGEHVECTIRS® 4 /55X, THE FIRST 1S THE EIGE'VECTOR',/)
18 4018 FOF4AT (5X, THIEAL PART,9Xs LAHIMAGINAFY PART /)

C IMPUT & MATPIX 44D EIGENVALUES

(R X g Ru

1s 10 READ 4001 +NoAE,ICPT,IEND
20 . PRINT 4000 e i e e



21 PR INT 4003
r PAINT 4010,M+NE
23 READ 4002.((AM(le)oJ=l'N’|l=11”)
24 PRINT 4011
25 ' oR [NT 4002,((AM(I.J)'JSI.,N)'[=1'N)
26 . .BC SO T=LoN e e e s e
27 DO 50 J=1,N
28 TM2(1,J)=0.CD0
29 ... TFMLLTI=0 O D0 e e e e e e =
20 ) PMR{T yJ)=aM(T 4 J)
31 50 PMI(1,4)=0.000
32 T eRINTTAO06 i -
a2 PRINT 4012
34 D 60 I=1,NE
a5 READ 4005,4,8 e }
2¢ PRINT 4005,4,8
37 PEIGR(1)=A
% €0 PELSICINZB e
c
C START COMPUTING
. C .
39 PRTHT 4CO00
40 PR INT 4003
L) COUNTEOULEL e e s
42 DO 500 L=1,NE
43 LL=L
C - e e e —
C FORM (L-LAMBDA=*1!)
C :
44 DG 100 =LMoo e e
45 DO 100 J=14M
46 PVER (L, J)=PMR(I,J) -
41 PVETLT o JY=PNILT o 3) e e e s
48 IF (1-4)100,95,10C
49 95 PMER(1,J)=PMER(T,J)-PEIGRIL)
€0 PHUET(T ,J)=PMELI(T W O)-PEIGILLY . . ..
51 100 CONTINUE
C
£z . CALL UMAKER e e e e
IF(INPT)ILOT,107,105
C
C I1F I0PT=1 PR!NTQUX'DEQCHPOSED_H‘TQJX” e
C
54 105 PRINT 4003
55 PRINT 4013 e
56 PRINT 4001, (IR(I),1=14N)
57 PRINT 4014
58 PRINT 4001, CICCTIY I=byN) e e
59 PRINT 4015
60 pPRINT 40029((U~2(Y0J)cJ=1'N)vl=19N’
61 oR MT 4004 - . o
62 pPEINT 4002;((UV!(!'J)9J=11N)QI=ION’
C
C . TEST UM _FNR RANK AND NUMBER QFMEIGENVECTCRS.ﬂ_
C
€3 107 CCHTINUE :
€4 CALL CABS(EPSAyU“Q(WoNlgU”I(N,N),”WW B e
&5 EPSA=EPSA®100.000
(1) 1F(EPSA-1.0D0-12)11C+110,112
67_ . LlO EPR=Le00=12 oo e mmeen e o o
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68 GO 70 115

69 112 EPR=EPSA

70 115 CNONTINUVE

71 MEIG=1

12 NM=H~1
33 _ ... DC 125 I=1sNV_ e = e —
14 [A=N~1 '
15 CALL CABS(ATEST,UMR(TIA,IA),UMIC(IA,IA))

16 ... .. IF(ATEST-EP%)120,120.118 _ . — et e e
17 118 GO TO 130

78 120 NEIG=NEIG+L

TS L E28 CONTINUE o e e e o s o i s s
80 130 CONTINUE

81 TEIG(L,1)=NEIG -

PRINT 4016, L NETG il e e

.82 . .
C
€3 CALL EIGVEC
S SR UV
c PRINTCUT RESULTS
C
84 .. _ICT=1_ . - e e e
85 DC 135 KKK=1,L
£6 IF(KKK-L)132,135,135

87 132 KB=lEIG(KKK,y LY+ e e e e e
88 DC 133 Kf£=2,K8 ' :

8s 133 1CT=ICT+IEIG (KKK,KC’
.90 ... 125 CONTINUE e e R e e
91 D0 150 J=1,NEIG
52 JI=IEIGIL,yJ+1)
S3 PR IMT AC08 e e e e e =
94 PRINT 4017,4,JJ :
€5 PRIMT 4018
56 . . DC 150 K=lodJd e e e e e e o .
<7 " PRINT 400%
S8 NN 140 KK=14N
S9 PEINT 4002y TMRIKKy 1CT Yy T IAKKy LC T o
100 14C CGNTINUE
1C1 1£7=1CT+1
102 . LS50 CONTUNUE i o o e et ot e e e e e e o
c
103 500 COMTINUJE
-
c TEPMINATICN
c
104 IFCIEMDISLC. 5100 L0 o e e e e e
1C5 510 CONTINUE
106 PRINT 4000
107 _ . . sTCP e e s e e e s e ) -
1ce END
109 . SUZEQUTINE USAKER e
110 IMPLIZTYT FEAL #9(A- H9C"Y)
111 FAMMON] EM, PR, PMT ZUYE ,UM] , TM2 , TM] ,PEIGF, PEIGI PVER, PWEI.YR'YI'

LEPSALEPF 12, !ICy IE!G.‘IT(‘“L,LL,‘IE,-J,P‘&IG.XRANK,IOPT

112 DINMENSICA AM(12,12) P40 (12,12),°%[(12,12),UMR(12,12),
TUMI{12,12),TMRE12,12),THI(12,12) 4yPETGF (12) +PEIGI(L12)+PMER(L12412),

HZPVE!(IZ{lz)vYR(IZ)'YI(lZ)leLlZ)olCllZ)oIEXG(l5plé)'__ o

c
c THIS SUBFIUTIME CALCULATES THE LU DECOMPCSITICA CF
C C PME, R+l WITH FULL PIVRTING = .. L
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138
136

140
141
142

nnpnnnnnhnnnnn

Y X

i
i

H
{
H

100
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INPUT VARTAEBLES'
- PME R+l MATRIX TO BE DECOMPOSED
N DIMENSION

_UTPLT VAPTABLES |
UMyR ¢1 DECO"POSED MATRIX, U UPPER TRIZNGLE INCLUDING
DILGONAL, MULTIPLIERS FELOW DIAGONAL

o _IR.. ..__ ROW IWTEKCHANGE INDEX VECTCR. .. ... .. ...
{ COLUMN INTERCHANGE INDEX VECTOR
"PRESET 30W AND COLUMN INTERCHANGES
DO 100 15LoN_ . oo e e e e
1PLI=1 :
1C(I)=!
_EPS=1.00-20 e e e e e
IR ANK=N '
NN=N~-1
“BEGIN ELIMINATION PROCECURE
DN 200 LS=1NN . B
LSS=LS '
AMAG=0.0D0

"SEARCH FOR PIVOT

D0 120 I=LSoN e e s e
DO 120 J=LS,N

CALL CABS(ACUM, PMER(IQ(I).IC(J)).PMtX(IR(!).IC(J))’
TF(ADUA-AMAGYL20,020,105 e e e e
1s=1

Js=J

AMAGEADUM e e = e e
CONT INUE - ' : '

TEST FOR COMPLETINN _ _

1FIAMAG-EPS)L125,+125,130

TRAMK=LS=1 i e e e e e e
GG TO 300

CONTINUE

INTESCHANGING RIW AND COLUMY INDICES

ET=IROLS) L e s
1P(LS)=15(1S)

1R(IS)=1T

IT=1CtLS) O

1C (LS =1C1IS)

1CIS)=1T

ELI4INATE IC(LS) COLUAN AND SET UP UMyR+I LS ROW

LSP=LS¢] . o
N0 150 I=LSP,N

. caLL CO!V(QP.CY,PMEF(l«(l),IF(LS’)yPVEI(IR(I)'I'(LS)’o

CIPMER(TA(LS )2 IC(LSIIPHETLIRILS) L ICHLSINY
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143 - UMR(T,LS)=CR
144 UMItI,LS)=9t
145 D0 150 J=LSP,N
146 CALL CMUL{CTR,CTI1,68,01 ,PMER(IR(LS), ICLI)),PMEICIRILS),IC(ID))
147 PMER(IR(1),1C(J))=PMERCIR(I)LIC(J)) QTR
Jﬁ&m_"u_mn“PMEX(I?(l).ISLJJ)=EVELLJR(1J.IC(J}):Q[Lmv"”_ﬁ_w____,u_mm,m“w‘_“_
149 150 CONTINUE
c
e e PATCH UP _RANK TEST e e e e e
C
150 TF(LS-'N)1T70,1€6C,16C
151___ . 160 CALL CARS (AQUM, PHMER (TRINY, IC(ND ), PMET(IRU(NYLICINIYY .
1€2 IF(ADUA-EPS)165,165,170
153 165 12AMK=MH--1
154 CLTO CONTINUE : e
155 ° 200 CONTINUE )
156 GO TO 350
e e e e e m e e
c WINDUP PROCEDURE
c
157 . 300 00 310 T=loN o E e s
158 DN 310 J=1,N
159 UMR(T o JI=PMER(IR(1), 1C(J)])
16C . UMIUILJ)=PNETLIR{T)},ICLJ)) L L e
161 T IF(1-J31202,31C,310.
162 302 TF(I-15)310,304,304
163 304 UMF(J,1)=0.0D0 ___ . e
‘164 UM Itd,11=0.000
1¢5 310 COATINUE _ . }
1€6. D60 TO 00 e e e s e e
167 350 DO 360 I=1,N .
168 DO 360 J=I," .
1€6. UMR (T IV =PMER(TIRITY W ICHUINY ol e
170 UMT(T, J)=P4ET LIR(T), ICLID) : :
171 360 CONTINUE
172 400 COMTIMUE -
173 RETYPN ’
174 EMD
175 SU3INYTIME EIGVEC
176 TVELICT; REEL *B(A-F,0-Y)
117 £oMMny nM.PMa,PMI.uﬂ?.uul.TMR,TMI,PEIGR.PEIGI.PMER,pMEl.YR.YI. o
. LEPSB EPR 17, [Co TEIG, 4TCOL s LLyNE 4N/ NEIG 2 IRANK,IOPT
178 DIMENSICN A%(1Z+12)sPMI(12,12),041(12,12),UMR(12,12),

T IUM!(IZ'IZD,T“Q(lZle)iTMX(IZoIZ)qPElGE(iZ),PEIGI(IZ).PMER(LZ:IZ)[
ZQVEI(lZcIZ).YR(IZ)oYI(IZ).IR(lZ).IC(lZ).!ElG(lS.lé)
179 DIMENSION RF(12),R1{12),SA(12),5B(12),1RA(12)

THIS SURINUTINE TAKES THE DECOMPOSED MATRIX OF UMAKER WITH

KNOWN EANK (fi-NEIG) AND CALCULATES ALL THE ETGENVECTORS AND
GEMERALIZED EIGENVELTORS OF THE CUPRENT EIGENVALUE (PEIG(L))

INPUT VARTABLES

UM B¢l DETOMONSED MATRIX L
N DIVENSION _ T
12,1 KGW AMD COLUMI TMTERCHANGE INDICES

B NEIG | NUMPES OF EIGENVECTORS o
NTCOL CUEFENT COLUMN CF TM T

OEOONAOO YOO A

QUTAYT VAV TABLES



Bb

COLUMNS OF MADAL MATRIX - ALSC EIGENVECTORS

C TM,R*]
c ANC GENERALIZED EIGENVECTORS
C IEIG NUMBERS JF EIGENVECTCRS AND GEMERALIZED EIFENVECTOFS
C CORRESPINDING TO EACH EIGENVALUE
c
— C. .. e e e e e e e e e e e e
‘ c BEGIN SEARCH FOR EIGENVECTORS
c
180 . _ NOK=N~NEIG __ i
181 00 200 I1=1,NEIG
182 NUN=1
B NIEN® =L e e e e e
c
c PRESET UNCETERMINED CONSTANTS FOR I1--TH EIGENVECTOR
—C e e e e
184 ‘ DI 50 J=1,N
185 RR{J)=0.0C0
166 .. PICH=0.000 ___ e R e
187 YR(J)=0.000
188 50 YI(J)=0.000
189 . . YR I Y =000 e e i e e
c
o BACK SUBSTITUTE TO FIND EIGENVECTOR
c
190 60 CUNTINUE - T o T
151 00 75 J=1,N0K
192 JJ=NOK#Y1-9 L i
©192 JK=J+MEIG~1
194 00 70 K=1,JK
155 KK=M+1 -K o
. 196 CALL CMUL(OTR.OTI,UMR(JJ,KK).uuttJJ,KK) YREKK) S YI(KK)Y
1¢7 SALK) =-CTR
158 SB(X)=-QTI e - _
199 70 COATINUE
200 CALL SUM(JK,SA,SMR)
201 CCALL SUMIIKGSBSML) )
202 SME=SMI+RR (JJ)
02 SMI=SMI+RI(JJ)
2¢4 CALL DIVIQTR,QTI,SMR,SMI, UMR(JJ.JJ).UNI(JJ.JJ)) e
205 YR(JJ)=CTR
2¢C6 YI(JJ)=0TI
207 TS CONTINWE et e e
: c
C FIND ALL GENERALIZED EIGENVECTORS
: c
208 NGE=1
209 76 TEINTCOL~MN)7S+76,77
210 77 PRINT 405G 4 i} S
z1ll 2050 FOPYAT(SX,'TCC MANY EIGENVECTORS FCUNC*,//) T
212 STIP
213 79 DC 80 T=1,N , e o ]
14 TMR(ICII),NTEOL) =Y (1)
215 80 TMH{IC(T),MTCOL)=YI(T)
c . _
c IPERATE CN RIGHT HMANC SIDE BY RCW CPS T
C .
216 N 90 1=l N
17 1atl) =1 :
218 FR(1)=TMR(T,4TCOL)
219 00 RICI = ML NTCOU )



220
221
222
223
224

285 ...

226 96
227 98
228 . ...
229
23c¢

54

23

232

32

234
235
e3¢
. 100

C RIT=RICIST) _ ____ __

B-7

NTCIL=NTCOL+]

NM=N-1

D2 120 I=1,NM
IFLIRALL)-12(1))94,10Cy54

IRA{T ¥=1RALIST)
TRACIST)=IT

RAT=RR( IST) | . -

RRLIST)I=FP(I)
RR(1)=PR2T

DO 98 1S=1,M
CIFCIRACTIS)=IR(T))98,96,98 e
IST=1S

CONTINUE

IT=IRALY) - e e e e e b mi

RICISTI=RI(])
RE(T)=RIT
COMNTINUE

IP=l+1
DO 110 J=1P,N

RR(JY=2R(J)I-CTR
AT (J)=RI(J)-QT]
CONTINUE  __ _

COATINUE
_ CHECK_FI8 IMCONSISTEMCY

IF(10PT)I127,127,125

PRINT 4300 . ... ._.
PRINT %002y (PR(J) yJ=1N) -
FOSMAT( 5X, *2 [GHT HAND SIDE*,/)
FORMAT (4C20.100 . ..
DO 130 J=1,NEIG
JI="=Jg+l ’

CALL CARSCACUMyRRIJIISGRICIINY

1F (ADUM-EPP)1304130,135
CONTIMJE
NUYSNUMEL
60 TO 140
11F=11+1
IEIGILL,TIP)=NUM
GO 0200

CONT INUE

AL CMULCATR, OTI MR (Jy L) UMTCd o DIRECTLRICIN) L

T 1F CONSISTENT THEN BACK SUBSTITITE FOR GENERALIZED EIGENVECTOR

G2 ™ 60

COMT INUE i -

RETURN

EMD e e e e e
§Ua>nyT IME CMUL(A,8,C1,£2,01,02)

) LTS R TN L GG I e A MU
A= 12D 1-€23D2 ‘

B=71%02+C2%C1

RETUPN o e i

END

QUBPNTIME “CIVIA,R,C1,02,01,0D2) _




B-8

12 IMPLICTIT REAL *8(A~H,0-Y)

273 E=D1#D14D029D2

274 IF(E~1.00-40)50,100,100

215 50 PRINT 4000

2176 4000 FOKMAT(5X,*OIVICE CHECK IN CDIV -~ DIVIOEND RETURNED',/)

21T . AsCL.._ . — e
278 B=2 ' -

279 GO0 TO 110

280..._...100 A=(f1*D1+C2%D2)/E__. . U
Z81 B=(£22D1-C 18D2)/E

282 110 CONTINUE

283 _ .. RETURN e e i R
284 END

¢85 SURCOUTINE CARSIA L2 o e e e =
286 IMPLICT. FEAL ®8(A-H,0-Y)

281 A=GSQRTICL=CL4(2#C2)
zre RETURN e e e e e
289 END T o
290 .. UR2OYTINE SUMILENSTH,S,SMY e
S 291 T#OLICTT REAL =A(A-HeJ-Y
292 DIMENS TCH WORKA{127),WORKAA(128),5(12)
293 EONTVALENCELIZy 2y
294 EQUIVALENCE(WORKA{L) yWORKAA(2)) )
295 DBLZRN=0.0C0
© 286 SUMNEDSLIRG
c
c ZERD OUT THE ACCUMULATING ARRAY
_ c .
2s1 1000 DO 1010 L=1,128
298 1010 WCRKLA(L)=CBLZRO
c — P i B
o 00 JCHN'®S ALGCRITHM
¢ . :
299 DO 1050 I=0yLENGTH B
200 WNRK=S{1) _
act LASTYZ=~1
202 1 J=UCRK U S
203 1F(72J)1012,1050,1C13
304 1012 1J=-2J
- 205 V013 JZ=d2/006TTT206 o
20¢ ‘ SUMMN=WIEKL(JZ) +WORK
307 WCRKA(JZ)=CRLZRO o
2(8 60 10 1015 RS i
209 1014 SUMHN=SHMNAIWORKALIZ)
210 WORKA( JZ)=DRL 2RO
211 1015 2J=SuMN T
212 IF(2J4)101641050,1017
313 1ot6 2J=-2J
214 1017 JZ=9Z/16T777216 . e
315 [F{JZ~LASTJI2)1020,1030,1020
216 1020 LASTJIZ=Jd2
17 60 T MCYA e e
218 1030 WORKA(JIZ)=SUMN
215 1050 CONTINUE : .
220 SUI=DBLZRYD e
321 00 1062 L=1,128
322 1060 SUMY=SUMNEWCRKAA(L)
223 0 999 SM=SUMN e e e e e e e
324 RETURN : "

325 END



